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Abstract
We analyze the stationary configuration of a thin axisymmetric stellar accretion disk, neglecting
non-linear terms in the plasma poloidal velocity components. We set up the Grad-Shafranov equation
for the system, including the plasma differential rotation. Then, we study the small scale backreaction
of the disk to the central body magnetic field and we calculate the resulting radial infalling velocity.
We show that the small scale radial oscillation of the perturbed magnetic surface is associated to the
emergence of relevant toroidal current densities, able to balance the generalized Ohm law even in the
presence of quasi-ideal values of the plasma resistivity. We provide a possible explanation for the
puzzle of an anomalous resistivity, since the Ohm law involves relevant values of the poloidal velocity
which is averaged to zero on the radial profile of the disk due to the microscopic rapid oscillations. The
contribution to the infalling velocity of the averaged backreaction contrasts accretion, but it remains
negligible as far as the induced magnetic field is small compared to that of the central body.
1. INTRODUCTION
One of the most intriguing open questions in as-
trophysics concerns the angular momentum trans-
port across accreting structures. The basic idea,
formulated in Shakura (1973) for stellar thin ac-
cretion disks, relies on the crucial role played
by shear viscosity associated to the disk differ-
ential rotation (for a review on this topic, see
Balbus & Hawley (1998); Bisnovatyi-Kogan & Lovelace
(2001); Rice & et al. (2007). However, it was clear since
the very beginning that such viscosity effects could not
have origin form the binary interaction. In fact, in
the typical range of density and temperature, avail-
able for thin stellar disks, the plasma of which they
are constituted is quasi-ideal. In order to account for
the plasma viscosity requested by the observed accre-
tion rates, it was originally postulated (and still argued
in this topic literature) that turbulence is responsible
for dissipative effects. The origin of the plasma turbu-
lent behavior was identified in the Magneto-Rotational
Instability (MRI), see Velikhov (1959); Chandrasekhar
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(1960); Balbus & Hawley (1991), which is an Alfve´nic
mode emerging in the presence of a weak magnetic ten-
sion. Although the presence of this instability in stellar
accretion disks appears rather natural, the presence of
a magnetic field implies that the generalized Ohm law
must be included in the plasma description. Moreover, it
is not still settled down the idea that MRI can also gen-
erate significant values of the plasma resistivity. Since
the currents present in the disk are only those provided
by the plasma backreaction to the central body mag-
netic field (very small if the induced magnetic field has
the same spatial scale of the equilibrium), the balance
of the Ohm law requires large value of the disk resis-
tivity, especially in the X-ray binary systems where the
accretion rate is particularly relevant. The necessity of
an “anomalous resistivity” is a rather puzzling question
of the Standard Model for thin accretion disks (Shakura
1973).
In Coppi (2005), it was shown that, if the β-parameter
(i.e. the ratio of the plasma pressure to the magnetic
pressure) of the disk plasma is large enough, then the
backreaction has a much smaller scale with respect to
the equilibrium one and a ring-like current emerges on
the radial profile. In the limit of an induced magnetic
field larger than the pre-existing one (that one of the
central body), the disk can be also decomposed into
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a ring-like structure, since the matter density acquires
periodic radial nodes (Coppi & Rousseau 2006). This
scenario has been extended to a global radial profile in
Montani & Benini (2011), where the microscopic nature
of the radial profile oscillations is also clearly stated. In
Montani & Carlevaro (2012), it was firstly argued that
the emergence of a microscopic magnetic structure in the
disk could be associated with the balance of the Ohm
law without the request of an anomalous resistivity. In
fact, the small scale backreaction can be associated with
relevant values of the plasma current densities. However,
in the framework of a reduced one-dimensional model, it
has been outlined an inconsistency between the standard
accretion theory and the so-called crystalline morphol-
ogy of the disk (Coppi 2005).
In this paper, we consider a two-dimensional axisym-
metric thin disk configuration in which the differen-
tial rotation is included in the Grad-Shafranov equa-
tion (GSE), while the poloidal velocities, in view of their
smallness, are retained linearly only in the system de-
scribing the global plasma equilibrium. We fix the de-
tailed features of the plasma disk backreaction to the
central body magnetic field, demonstrating that the in-
consistency mentioned above can be overcome and that
the crystalline morphology of the disk allows to balance
the generalized Ohm law. In fact, the radially oscillat-
ing current density generates a correspondingly oscillat-
ing radial component of the velocity (in principle greater
than the standard model contribution), but it averages
to zero on a macroscopic scale, i.e. on the background
profile.
2. BASIC FORMALISM
We consider an axisymmetric thin accretion disk
(H/r ≪ 1, being r the radial distance from the center
of symmetry and H(r) the slowly varying half-depth),
embedded in the gravitational and magnetic field of
the central object, having mass M and magnetic dipole
moment µ. Adopting standard cylindrical coordinates
(r, φ, z), the central object gravitational field is de-
scribed by the potential φG = −GNM/(r2+z2)1/2 (GN
being the Newton constant), while the magnetic field is
fixed by the dipole flux function ψD = µr
2/(r2+ z2)3/2.
In this Section, we discuss the equilibrium configura-
tion of the thin disk as described by the visco-resistive
magneto-hydrodynamic (MHD) theory, under the fol-
lowing (natural) assumptions (Shakura 1973): i) the
viscosity and resistivity coefficients are taken constant
over the studied disk region; ii) the poloidal components
of the plasma velocity are much smaller than the az-
imuthal one (associated to the disk differential rotation)
and therefore they can be neglected in the radial and ver-
tical equilibria, since they would appear quadratically;
iii) we address a purely poloidal magnetic field in agree-
ment to the dipole field of the central object, neglecting
dynamo effects.
Thus, we consider a velocity field of the plasma disk
having the form
v = vp + ωreˆφ , (1)
where vp = vreˆr + vz eˆz and ω denotes the non-uniform
angular velocity of the disk. Once assigned the magnetic
flux function ψ, the magnetic field inside the disk reads
B = −1
r
∂zψeˆr +
1
r
∂rψeˆz . (2)
Since this field is associated to a purely azimuthal cur-
rent density, the corresponding component of the gener-
alized Ohm law provides the equation
vp · ∇ψ = c
2
4piσ
Dψ , (3)
where c is the speed of light, σ = const. denotes the
electric conductivity coefficient, vp ·∇ ≡ vr∂r+vz∂z and
Dψ = ∂2rψ+∂
2
zψ−(1/r)∂rψ. The poloidal component of
the same equation provides an electric field of the form
E = −ω∇ψ/c , (4)
whose irrotational character (we deal with a steady con-
figuration) implies ω = ω(ψ), according to the so-called
co-rotation theorem (Ferraro 1937).
Neglecting the quadratic terms in the poloidal veloci-
ties, the radial and vertical equilibria are associated to
the following system of equations:
ω2reˆr =
1
ρ
∇p+∇φG + 1
4piρr2
Dψ∇ψ , (5)
where ρ and p are the plasma mass density and pressure,
respectively, and we neglected the disk self-gravity.
We now assume that the disk is isothermal on each
magnetic surface, i.e. we take the disk temperature as
T = T (ψ). Hence, the first and second thermodynamical
principles easily provide the basic relation
1
ρ
∇p = ∇G+ S dT
dψ
∇ψ , (6)
where G and S are the Gibbs function and the entropy
per unit mass, respectively. Substituting this expression
into the system (5), we arrive to a Grad-Shafranov-like
equation for the disk equilibrium, see Ogilvie (1997), i.e.
Dψ = −4piρr2
(
dE
dψ
+ S
dT
dψ
+ r2ω
dω
dψ
)
, (7)
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where
E ≡ G+ φG − ω2r2/2 (8)
is the Bernoulli-like function and we used the propor-
tionality ∇E ∝ ∇ψ to infer the relation E = E(ψ).
It can be checked that the azimuthal component of
the equilibrium, taking into account the co-rotation the-
orem, can be expressed in the form
vp · ∇ψ + 2ω
rdω/dψ
vr =
η
ρ
(
Dψ +
4
r
∂rψ
)
+
+
η
ρdω/dψ
d2ω
dψ2
[
(∂rψ)
2
+ (∂zψ)
2
]
, (9)
where η = const. is the shear viscosity coefficient.
Finally, the mass conservation equation, which reads
1
r
∂r (ρrvr) + ∂z (ρvz) = 0 , (10)
admits the solution
vp = − 1
ρr
∂zΘeˆr +
1
ρr
∂rΘeˆz , (11)
Θ(r, z) denoting a generic function.
3. LINEAR PLASMA BACKREACTION
The background configuration is fixed via the relations
∇E0 + r2ω0∇ω0 = 0 , dT0
dψD
= 0 , (12)
which correspond to the following isothermal gravostatic
equilibrium
∇p0 = ρ0
(1
2
ω2
0
∇r2 −∇φG
)
, (13)
where the label 0 refers to background quantities.
For an isothermal disk, we have p0 = v
2
sρ0, where the
sound speed vs is constant. The vertical component of
Eq.(13) provides the following density profile
ρ0 ≃ ρ¯(r)
(
1− z
2
2H2
)
, (14)
where ρ¯ denotes the mass density profile on the equa-
torial plane, H ≡ vs/ωK (ωK ≡
√
GNM/r3 being the
Keplerian angular velocity) and we assumed to deal with
a thin disk, i.e. H/r≪ 1⇒ r ≪ Ls ≡ GNM/2v2s .
In order to fix the form of the function ω(ψ), we use
the relation between ωK and ψD, valid on the equatorial
plane, extrapolating it in the whole thin disk configura-
tion, namely
ω(ψ) = ψ3/2
√
GNM/µ3 . (15)
We now show that, in the absence of the plasma disk
backreaction, the system of Eqs.(3) and (9) is actu-
ally inconsistent. In fact, since the dipole magnetic
field is a vacuum solution of the Maxwell equations, we
have DψD = 0. Then, from Eq.(3), we get the condi-
tion vp · ∇ψD = 0, which, by means of Eq.(11), gives
the simple relation Θ = Θ(ψD). As a consequence,
since ∂zΘ ∝ ∂zψD, we have vr = 0 on the equato-
rial plane z = 0. The inconsistency is with Eq.(9)
which provides, via simple algebra and using Eq.(15),
vr = v
Sh
r ≡ −21η/8ρr: this is just the standard Shakura
value, apart from the assumption η = const.
In the standard model for accretion, this inconsis-
tency is solved by including in Eq.(3) the current density
due to the plasma backreaction ∝ Dξ, where the mag-
netic flux function is now given by ψ = ψD + ξ (with
|ξ| ≪ |ψD|). However, if ξ and ψD have a comparable
spatial scale of variation, the compatibility of the ac-
cretion model requires a very low value of the electric
conductivity σ, not always justified by the kinetic con-
ditions of the accreting plasma. To avoid this difficulty,
we pursue a different point of view, based on requiring
that the spatial scale of variation of ξ be much smaller
than that of the background.
Assuming that in Eq.(7) the plasma backreaction
weakly affects the functions E(ψ) and T (ψ) and using
Eq.(15), we can arrive to a relevant representation for
the linear response of the disk to the presence of the
central object magnetic field. In fact, defining
ψ = ψD + ξ ≡ ψD + ϕ
√
r , (16)
k2
0
≡ 4pi 3GNMρ¯r
3
µ2
= 3
ω2K
v2A
, (17)
where vA denotes the Alfve´n velocity on the equatorial
plane, for a thin disk and requiring k0r ≫ 1 (to deal
with a small scale backreaction), we get the following
perturbed equation for ϕ
∂2rϕ+ ∂
2
zϕ = −k20
(
1− z
2
2H2
)
ϕ . (18)
This equation admits the solution
ϕ = A sin(kr) exp
[
− k0z
2
2
√
2H
]
, (19)
where it can be shown how k ≡ k0(1 − 1/
√
3β) (here
β = 2v2s/v
2
A) and A is an integration constant (with
A
√
r ≪ |ψD|).
This solution has been also discussed in
Montani & Benini (2011), generalizing the analyses in
Coppi (2005); Coppi & Rousseau (2006) to a global ra-
dial profile. The difference is that there the obtained
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perturbed magnetic flux function corresponds to a weak
backreaction of the plasma, while here we could also
deal with the case in which the induced magnetic field
is comparable to the central object one. Actually, we
just implemented the smallness of ξ and neglected the
mass density fluctuations with respect to the back-
ground value ρ0.
4. PHYSICAL CONSIDERATIONS AND
CONCLUSIONS
We now observe that ∂2rψ ≃ ∂2r ξ ∼ −k2ξ, but the
macroscopic average (on the background scale) of this
quantity clearly vanishes and the same behavior con-
cerns the vertical derivatives. By other words, on a
macroscopic level, the induced magnetic field and cur-
rent density are on average (in the following denoted by
〈...〉) zero and only quadratic terms in the backreaction,
like those ones appearing in Eq.(9), survive. Thus, av-
eraging Eq.(3), we get 〈vp · ∇ψ〉 = 0. Substituting this
basic result into the averaged version of Eq.(9), we ar-
rive to the following expression for the radial infalling
velocity
vr = v
nl
r ≡ vShr
[
1− k
2
0
A2
14µ2
r5
(
1 +
1
3β
)]
, (20)
where we made use of the expressions
〈(∂rξ)2〉 = k20A2r/2 , 〈(∂zξ)2〉 = k20A2r/6β . (21)
Clearly, the non-linear correction appearing in the ra-
dial velocity (20) is positive (i.e. associated to matter
radial ejection) and it is of the same order of the Shakura
infalling contribution when the following condition holds
Ar3/2
µ
&
1
k0r
⇒ |∂rξ| & |∂rψD| , (22)
which implies a plasma backreaction vertical magnetic
field comparable or greater than that of the central
body (this extreme situation has been considered in
Coppi & Rousseau (2006), arguing the possible decom-
position of the disk into a ring microstructure).
Here, we address the following point of view standing
as the fundamental conclusion of our analysis. If, as it
is rather natural in many real situations, the thin disk
plasma has a sufficiently large value of the β-parameter,
the backreaction is of small scale and, even when the in-
duced magnetic field is small (i.e. vnl ≃ vSh), the emerg-
ing poloidal current is relevant in magnitude and it plays
a crucial role in the Ohm law. In fact, now the quantity
vp ·∇ψ is no longer zero, like for the background, but it
vanishes only on a macroscopic average. The existence
of such a rapidly oscillating current along the disk radial
profile can ensure the balance of the Ohm law even in
the presence of a kinetic (non-anomalous) plasma resis-
tivity. In the limit of a strong non-linear backreaction of
the plasma, as discussed above, the accretion feature of
the disk can be suppressed up to favoring radial material
ejection.
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